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Abstract
A numerical scheme has been developed to calculate the acoustic radiation force and streaming for spherical objects in a standing
wave. A combination of multipole series expansion and Stokeslet method is implemented for the calculations. The scheme was
veriﬁed by comparing its results with those obtained from the analytical solution, proposed by Doinikov (1994). Unlike the
analytical solutions, the proposed numerical scheme is applicable to the case of multiple spheres in a viscous ﬂuid.
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1. Introduction
For the case of viscous host ﬂuid, several analytical solutions have been reported by Doinikov (1994), Settnes
and Bruus (2012) and Balachandar et. al. (2014) for calculating acoustic radiation force acting on a single rigid
sphere in a standing wave. The rigorously derived solution, proposed by Doinikov (1994), is expressed as a series
expansion and only valid for a single sphere. The calculation of that series expansion requires the evaluation of the
semi-inﬁnite integral. Derived from the far ﬁeld approach, the other solutions, proposed by Settnes and Bruus (2012)
and Balachandar et. al. (2014), gave reasonably accurate results for small spheres. However, those are also limited
to the single sphere case. In this study, a numerical scheme is proposed as an alternative to the existing analytical
solutions for solving the case of multiple spheres in a viscous ﬂuid.
By using the perturbation technique, the ﬂuid velocity, pressure and density, with accuracy up to the second order,
are written as
v = v1 + v2,
p = p0 + p1 + p2,
ρ = ρ0 + ρ1 + ρ2,
(1)
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where the indices 0, 1 and 2 show the zero, ﬁrst and second-order variables, respectively. The total force acting on
a particle, with accuracy up to the second-order, is obtained from the second-order stresses including the Reynolds
stresses, 〈ρ0v1 ⊗ v1〉, as follow
F =
∫
S 0
〈−p2I + μ
(
∇v2 + (∇v2)T
)
+
(
μB − 23μ
)
(∇ · v2) I〉ndS −
∫
S 0
〈ρ0v1 ⊗ v1〉ndS , (2)
where μ and μB are the dynamic and bulk viscosity coeﬃcients, respectively, S 0 is the undisturbed surface of the
sphere, n is the unit normal vector pointing outward, dS is the surface element and the dyadic product operator is
denoted by ⊗. Doinikov (1994) showed that the total force consists of the radiation and drag-like forces. However,
the later one is negligible for the case of standing wave.
Nomenclature
a Radius of sphere
λ Wavelength
k Nominal wave number
kc Compression wave number
kv Shear wave number
φ(i)1 The ﬁrst-order scalar potential of the incident wave
φ(s)1 The ﬁrst-order scalar potential of the scattered wave
Ψ1 The ﬁrst-order vector potential of the shear wave
φ2 The second-order scalar velocity potential
Ψ2 The second-order vector velocity potential
r Radial distance
θ Polar angle measured from the positive z axis
F Acoustic radiation force vector
2. Methodology
2.1. The ﬁrst order variables
The acoustic variables are calculated from the ﬁrst-order scalar and vector velocity potentials. The ﬁrst-order scalar
and vector potentials can be expressed as
φ(i)1 = e
−iωt
∞∑
n=0
An jn(kcr)Pn(θ),
φ(s)1 = e
−iωt
∞∑
n=0
Cnh(1)n (kcr)Pn(θ),
Ψ1 = e−iωtuϕ
∞∑
n=1
Enh(1)n (ksr)
dPn
dθ
(θ),
(3)
where jn(kcr) and h
(1)
n (kcr) are the spherical Bessel and Hankel functions, respectively and Pn(θ) is the Legendre
polynomials of order n. In those series expansions, An, Cn and En are the constant coeﬃcients. To obtain the Cn and
En, the ﬁrst-order boundary conditions for a rigid sphere are imposed weakly by using the weighted residue method
as follow∫
S 0
Pn (v1 · ur) dS = 0,∫
S 0
dPn
dθ
(v1 · uθ) dS = 0,
(4)
82   Shahrokh Sepehrirahnama et al. /  Physics Procedia  70 ( 2015 )  80 – 84 
where dS = a2 sin(θ)dθ, and a is the radius of the sphere. Since the Legendre polynomials are orthogonal, Pn and
dPn
dθ are chosen as the weights for radial and tangential boundary conditions, respectively. For numerical evaluation,
only terms up to Nth order are included in the series calculation, which means that there are N + 1 and N constant
coeﬃcients in the series of the scalar and vector potentials, respectively.
2.2. The second order variables
The second-order velocity can be represented as 〈v2〉 = 〈v(i)2 〉 + 〈v(s)2 〉, where 〈v(i)2 〉 and 〈v(s)2 〉 are the time-averaged
velocities induced by the incident and scattered waves, respectively. Basically, 〈vi2〉 is assumed to be the velocity of
the ﬂuid due to the incident wave, in the absence of the sphere and has been derived for a standing wave by Doinikov
(1994). Since 〈v(s)2 〉 is induced by the scattered waves, the acoustic streaming equations can be rewritten as
ρ0∇ · 〈v(s)2 〉 = mv,
−∇〈p(s)2 〉 + μ∇2〈v(s)2 〉 + (μB + μ)∇∇ · 〈v(s)2 〉 = fv,
(5)
where
mv = −
(
∇ · 〈ρ1v1〉 − ∇ · 〈ρ(i)1 v(i)1 〉
)
,
fv = ρ0
(
〈v1 · ∇v1 + v1∇ · v1〉 − 〈v(i)1 · ∇v(i)1 + v(i)1 ∇ · v(i)1 〉
)
,
(6)
and ρ(i)1 = iρ0k
2φ(i)1 and v
(i)
1 = ∇φ(i)1 . From the mathematical point of view, the solution of 〈v(s)2 〉 and 〈p(s)2 〉 can be split
into complementary and particular solutions,
〈v(s)2 〉 = 〈v(s)2c 〉 + 〈v(s)2p〉,
〈p(s)2 〉 = 〈p(s)2c 〉 + 〈p(s)2p〉.
(7)
The second-order velocity potentials are used to obtain 〈v(s)2c 〉 and 〈p(s)2c 〉. The multipole series expansions of the
second-order scalar and vector velocity potentials are as follow
φ2 =
∞∑
n=0
αn
(a
r
)n+1
Pn(θ),
Ψ2 = uϕ
∞∑
n=1
βn
4n − 2
(a
r
)n−1 dPn(θ)
dθ
,
(8)
where both αn and βn are the unknown constant coeﬃcients, to be calculated later from the boundary conditions.
For the particular solution, the original form of the streaming equations (5) is used to obtain 〈v(s)2p〉 and 〈p(s)2p〉.
However, a simpliﬁcation is applied by neglecting the source term mv of the streaming continuity equation. By
treating the streaming ﬂow as incompressible, the Stokeslet method can be used to obtain the second-order velocity
and pressure in the ﬂuid,
〈v(s)2p〉|xˆo =
∫
Ω
1
8πμ
(
I
rˆ
+
xˆ ⊗ xˆ
rˆ3
)
fvdΩ,
〈p(s)2p〉|xˆo =
∫
Ω
fv · xˆ
4πrˆ3
dΩ,
〈t(s)2p〉|xˆo = −
∫
Ω
3
4π
(xˆ ⊗ xˆ) fv
rˆ4
dΩ,
(9)
where Ω is the exterior semi inﬁnite domain bounded by the sphere surface and dΩ is the volume element. This
simpliﬁcation has also been suggested by Wang and Dual (2012). We will also show later in the results that neglecting
mv aﬀects the results by less than 1% for cases of ka from 0.006 to 0.6, where k is the nominal wave number given
by 2π/λ. The numerical evaluation of the volume integrals, equation (9), can be done by using a ﬁnite computation
domain, discretized with small linear tetrahedral elements.
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Fig. 1. (a) Radial component of fv (b) tangential component of fv and (c) the vector plot of the volumetric force fv ﬁeld, with respect to the local
spherical coordinate system, for a 5-micron sphere, ka = 0.03. The values on the color bars has the unit of [μN/mm3].
To ﬁnd the unknown coeﬃcients αn and βn, the second-order boundary conditions are imposed weakly, again using
the weighted residue method,∫
S 0
Pn(θ)
(
〈v(i)〉 + 〈v(s)2c 〉 + 〈v(s)2p〉
)
· urdS = 0,∫
S 0
dPn(θ)
dθ
(
〈v(i)〉 + 〈v(s)2c 〉 + 〈v(s)2p〉
)
· uθdS = 0,
(10)
where Pn(θ) and
dPn(θ)
dθ are again the weights. By substituting equation (7) into equation (2), the radiation force can be
obtained from the second-order velocity and pressure, induced by the scattered waves.
3. Results and discussion
In Fig. 1, the volumetric force fv has been plotted for a 5-micron sphere in the x-z plane of the local coordinate
system located at the center of the sphere. The standing wave is in the z direction and the sphere is located at λ/8,
where the radiation force is maximum. The radial and tangential components of fv, Fig. 1a and 1b, are seen to have a
symmetric quadrupole distribution. It implies that at least the ﬁrst three terms in the series expansion of the ﬁrst-order
potentials are required to capture the quadrupole distribution. The vector plot of fv is shown for better illustration of
the volumetric force ﬁeld, Fig. 3c.
For comparison purposes, the radiation force calculated from the ﬁrst twenty terms of Doinikov’s series, including
the source term mv, is considered as the reference value, denoted by F∗. To check the simpliﬁcation of neglecting
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Fig. 2. (a) Radiation force obtained from Doinikov’s series solution with and without mv and (b) the relative diﬀerence between the force without
mv (F) and the force with mv (F∗).
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Fig. 3. (a) Radiation force normalized by the reference value F∗ (b) and the relative error of the proposed numerical scheme with respect to F∗ for
diﬀerent number of terms included in the series expansion of the ﬁrst-order velocity potentials for a 5-micron sphere.
mv, the force series solution, proposed by Doinikov (1994), has been evaluated numerically with and without mv for
diﬀerent sizes of the sphere, ka. The dotted line and the markers in Fig. 2a show the radiation force calculated with
and without mv, respectively. The results show that neglecting the scalar source term mv causes no signiﬁcant change
in the force values. The diﬀerence in the results is found to be less than 1% for the spheres with ka = 0.006 to 0.06
(Fig. 2b).
Fig. 3a shows the radiation force calculated by the proposed numerical scheme and Doinikov’s series. In both
cases, diﬀerent number of terms are included in the series for the ﬁrst-order potentials, as indicated by the x-axis. The
forces calculated from the numerical scheme are almost identical to those from Doinikov’s series, as shown by the
overlapping square makers and solid line. The results are normalized by F∗ (Doinikov’s series solution with twenty
terms), and they converge to F∗ (less than 0.1% when only three terms are used, as shown Fig. 3b). It should be noted
that the convergence test is only required for the ﬁrst-order potentials as only the dipole in the second-order potentials
contributes to the force, Doinikov (1994).
Despite the rigorous derivation, Doinikov’s series solution involves semi-inﬁnite integrals which need to be eval-
uated by numerical integration schemes. In addition, it is cumbersome to extend Doinikov’s approach to the case of
multiple sphere as it requires the multipole translation of a vector ﬁeld. For the case of a single sphere, our proposed
numerical scheme serves as an alternative to the Doinikov’s series solution. However, it can easily be extended to the
case of multiple spheres as the particular solution can be obtained from the Stokeslet method regardless of the origin
of the coordinate systems.
4. Conclusion
A numerical scheme was proposed for calculating the acoustic radiation force acting on a single sphere in a viscous
ﬂuid. The results obtained from this numerical scheme were reasonably accurate, compared to the analytical solution
by Doinikov (1994). The use of Stokeslet for evaluating the volume force eﬀects allows us to solve for cases with
multiple spheres and evaluate the interparticle forces between them.
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